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Multifrontal Solver Combined with Graph Partitioners

Jeong Ho Kim¤ and Seung Jo Kim†

Seoul National University, Seoul 151-742, Republic of Korea

For large-scale structural analysis, the performance of a linear equation solver is very important for the overall
ef� ciency of the analysis code. The multifrontal solver is a very ef� cient direct solver for � nite element analysis.
By using multiple fronts, it can considerably reduce the computing time spent on solving the system of linear
equations arising from � nite element analysis. To achieve good performance using the multifrontal solver, a good
front partition must be obtained because the performance largely depends on the quality of the front partition,
that is, the number of degrees of freedom on the partitioned fronts. In this study, graph-partitioning algorithms
that are generally used to decompose a given domain for parallel computation are combined with the multifrontal
solver to obtain good front partitions of irregular (unstructured) meshes. The in� uence of the partitioning quality
on the performance of the multifrontal solver is also examined. For regular (structured) meshes, the multifrontal
scheme can solve the system of linear equations much more ef� ciently than the single frontal scheme with the help
of a simple front-partitioning algorithm. For large-scale problems with irregular meshes such as the � nite element
meshes of aerospace structures, the veri� cation was made that the developed multifrontal solver combined with
an ef� cient graph partitioner (Metis) and an appropriate mesh mapping scheme (weighted-edge mapping) shows
very good performance.

Introduction

L ARGE-SCALE � nite elementanalysesareoften requiredin the
structural design and certi� cation of large and complex struc-

turessuchas aerospacevehicles.In this casemost of thecomputation
time is spent on solvingthe systemof algebraicequationsassociated
with the � nite element model. To reduce the overall computation
time or computational cost, the development of ef� cient equation
solvers is important. Various types of equation solvers have been
developedfor � nite element analysis.1– 4 They can be classi� ed into
two categories: direct and iterative solvers. Some types of iterative
solvers show better performances than direct solvers for large-scale
problems. However, direct solvers have many advantages over iter-
ative solvers, such as numerical robustness. Direct solvers are also
preferred for systems of linear equations with multiple right-hand
sides.Furthermore,direct solverscan be used much more ef� ciently
for solving local problems arising from parallel implementation of
the � nite element method using substructuring or the domain de-
composition technique.5

For the classical direct solvers, there is room for performance
improvement: the reduction of � ll-ins. The � ll-ins are zero entries
of the original coef� cient matrix, which become nonzero entries
after factorization.Matrices arising from � nite element analysesare
sparse matrices, and consequentlythe � ll-ins inevitably result from
the factorization process of direct solvers. Thus, by exploiting the
sparsity, the � ll-ins or unnecessary operations can be reduced, and
the performance of direct solvers can be improved. Band solvers,
skyline solvers, and frontal solvers2 are designed to take advantage
of the sparsity of the matrices, and better performance of these
solvers can be achieved by the reduced � ll-ins. Node or element
reordering and an appropriate solution procedure can reduce the
� ll-ins further.

In this studythemultifrontalsolver1;6 that reduces� ll-insbyusing
multiple fronts to solve a system of linear equations arising from
� nite element analysis has been extended to solve the problems
with irregular (unstructured) � nite element meshes ef� ciently by
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combining the solver with graph partitioners.5;7– 11 The ef� ciency
of the multifrontal solver with respect to the number of fronts is
shown, and the in� uence of front partitioning on the performance
of the multifrontal solver is examined.

Multifrontal Solver
The concept of the multifrontal method was � rst introduced by

Duff and Reid6 as a generalizationof the frontal method of Irons.2

The frontal method was originally proposed as a solution proce-
dure for the � nite element method and has earned the reputation
of being easy and inexpensive to use. The frontal method can be
considered as a particular technique for � rst assembling element
stiffness matrices and element nodal force vectors and then solving
for the unknown displacementsby means of a Gaussian elimination
and backsubstitution process in the element-by-elementmanner.12

The method is designed to minimize core storage requirements be-
cause it does not require the global assembly of the stiffness ma-
trix and force vector. The main idea of the frontal solution is to
eliminate the variable while assembling the equations. As soon
as the coef� cients of an equation are completely assembled from
the contributions of all relevant elements, the corresponding vari-
ables can be eliminated. Therefore, the complete structural stiff-
ness matrix is never formed as such because after elimination the
reduced equation is immediately transferred to backup disk stor-
age. The elimination process of the frontal method is illustrated in
Fig. 1.

In their paper Duff and Reid6 used the concept of generalized
elements to deal with general inde� nite sparse matrices. They pro-
posed combining a few different fronts or generalized elements to
have larger fronts for better choices of pivoting.Variousadvancesin
the multifrontal method for the general sparse matrix solution have
been achievedby many researchers,and the advanceswere surveyed
by Liu.12 Geng et al.1 applied the multifrontal solver to � nite ele-
ment analysis by combining the method with the nested-dissection
ordering13 and showed the ef� ciency. The elimination process of
the multifrontal method applied to the � nite element procedure is
illustrated in Fig. 2.

The difference between the elimination process of the single-
frontalmethodand thatof themultifrontalmethodcanbeunderstood
by comparing Fig. 1 with Fig. 2. By the single-frontal method,
one front is used and spreads out all over the whole domain as
fully assembled degrees of freedom (DOFs) are eliminated from
the front. By the multifrontal method, a given domain is divided
into two subdomains recursively, and each subdomain has its own
fronts. Then, after the recursive bisection of the given domain is
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Fig. 1 Elimination process of the frontal method.

Fig. 2 Elimination process of the multifrontal method.

Fig. 3 Front partitioning and merging.

completed, the internal DOFs of each subdomain are eliminated
� rst by the frontal method. The remaining interface DOFs of each
subdomainafter eliminating internalDOFs become new fronts, and
they are merged with each other recursively in the reverse order
by which the given domain is divided as shown in Fig. 3. At each
merging stage, fully assembled DOFs are eliminated immediately.

By this procedure the interface DOFs of each subdomain are
eliminated in the same order as in the nested dissection method.
The multifrontal solver implemented by Geng et al.1 shows very
good performancefor regular (structured) meshes. Geng et al.1 esti-
mated the operationalcounts for factorizationof the stiffnessmatrix
constructed by the � nite element procedure for a two-dimensional
regular mesh of size N .

p
N £

p
N elements) as follows:

.56=3P/N 2

where P is the number of fronts and N ; P , and N=P are assumed
to be large enough. According to the preceding estimation, better
performance can be obtained as the number of fronts is increased.
However,becausethis estimationapproximatelyholdsonlyfor large
N=P , theperformanceof the multifrontalsolveris not improvedany
more for the value of P larger than a certain number.

In this study, � rst, the performance of the multifrontal solver
with respect to the number of fronts is tested for simple elasticity
problems with regular meshes. They are two-dimensionalproblems
with 64 £ 64 and 128 £ 128 four-noded plane stress elements and
a three-dimensional problem with 16 £ 16£ 16 eight-noded solid
elements. The computing time (CPU time: time used by CPU) and
the required memory size are examined.A system that has Pentium
Pro 200-MHzCPU and128MB ofmainmemory is used.The system
runs the Linux operating system and GNU C/CCC compiler.

The resultsare shownin Figs. 4–7. We have implementedtwo ver-
sions of the multifrontal solver. The core version uses core memory
to keep the matrix coef� cients related to the eliminated DOFs, and
the disk version uses a hard disk to do the same thing. In Figs. 4–7,
the versions are distinguished by the labels “core” and “disk.” The
results are also compared with those of a band solver. As shown in
Figs. 4–7, the performanceof the multifrontal solver with one front
(which is identical to the conventional frontal solver) is superior to
that of a band solver and can be further improved by increasing the
number of fronts to the appropriate number. For the problems in
Fig. 4, the best performance (the shortest computing time) is ob-
tained when the number of fronts is equal to 256. The solution time
for the 64 £ 64 � nite element mesh with 256 fronts is about 2.6
times faster than that of the conventionalfrontal solver, as shown in
Fig. 4a.

For problems of larger size, the performance of the multifrontal
solver is much better than that of the single-frontal method. As

a) 64 £ £ 64 four-noded elements

b) 128 £ £ 128 four-noded elements

Fig. 4 CPU time vs the number of fronts for plane-stress problem.

Fig. 5 CPU time vs the number of fronts for 16 £ £ 16 £ £ 16 solid
elements.

Fig. 6 Memory usage for 16 £ £ 16 £ £ 16 solid elements.

shown in Fig. 4b, the solution time with 256 fronts is about 5.2
times faster than that with single front.

Similar results are obtained for a three-dimensional elasticity
problem with a regular mesh, as shown in Fig. 5. The best per-
formance is obtainedwhen 64 fronts are used and is about 2.8 times
faster than the performance with a single front.

The total solution time includes the time spent on computing
element stiffnessmatrices, which is constantas the numberof fronts
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Fig. 7 Elapsed time vs the number of fronts for 16 £ £ 16 £ £ 16 solid
elements.

is varied. This is indicated by the straight lines in Figs. 4 and 5.
Thus, the pure equation solution time in each case is equivalent to
the portion above the line.

Comparing the core version and the disk version in Figs. 4 and
5, the core version shows slightly better performance. However, as
shown in Fig. 6, the memory usage of the disk version is much less
than thatof the coreversionor theband solver.Thus, the diskversion
can solve very large-scaleproblems that the core version and/or the
band solver cannot possibly solve. Even if they can be solved by
the core versionusing virtual memory (disk-swap space), the actual
elapsed time during the solution procedure of the disk version can
be less than that of the core version. The single-frontcase in Fig. 7
shows this situation. For the single-frontcase the required memory
size of the core version is greater than the physical memory size of
the system used. Thus, the core versionuses virtual memory. In this
case the elapsed time for the disk version to obtain the solution is
less than that for the core version.

For regular meshes such as the preceding problems, the opti-
mal front partition is straightforward, that is, the partition obtained
by dividing the mesh into two equal-sized parts recursively by the
plane normal to the longest direction of the mesh. All of the results
in this section were obtained by using this partition. In the next sec-
tion the application of the multifrontal solver to irregular meshes is
discussed.

Combination of the Multifrontal Solver
with Graph Partitioners

The preceding section showed that the multifrontal solver is an
ef� cient direct solver for � nite element analysis. However, the ef� -
ciency of the solver is largely dependent on the quality of the front
partition (or the number of DOFs on the partitioned fronts). For
the problems with regular meshes considered in the preceding sec-
tion and those tested by Geng et al.,1 any speci� c front-partitioning
algorithm was not considered because the optimal front partition
could be obtained easily for regular meshes by the simple proce-
dure mentioned in the preceding section. But, in general, most of
the real-world (not academic) problems to be solved by the � nite
elementmethodhave irregularmeshes, and � nding the optimal front
partitionof these irregularmeshes is not so simple.Therefore,appro-
priate partitioninginformationmust be furnished to the multifrontal
solver by some ef� cient front-partitioningalgorithms that can deal
with general meshes. In other words, the procedure that divides the
global mesh into two parts recursively is required to use the multi-
frontal solver generally and ef� ciently. This procedure is discussed
in this section.

After the elimination of the internal DOFs in the partitioned
fronts, the multifrontalsolvermerges neighboringfronts recursively
in the reverse order by which they are partitioned,and then fully as-
sembled DOFs on merged fronts are eliminated at each merging
step. If the size of the merging fronts at one merging step is F ,
then the operational count to eliminate the DOFs at this step is
about .F3/. Because this procedure is repeated recursively, the
size of the merging fronts at each step greatly affects the perfor-
mance of the multifrontal solver. Therefore, the size must be kept
as small as possible in the front-partitioning step to achieve good
performance with the same number of partitioned fronts. Front

CFM

CNM

WEM

Fig. 8 Finite element mapping schemes.

partitioning divides a given mesh into two equal-sized parts re-
cursively and is partly analogous to the mesh-partitioning proce-
dure that appears in the domain decomposition method,5 one of
the popular schemes to solve the elliptic boundary-valueproblems
in parallel computing systems. Thus, graph or mesh partitioning
algorithms5;7– 11 that have been generally used to decompose the
problem domain to realize the parallelism could be used for front
partitioning.

Many mesh-partitioning algorithms are based on graph-par-
titioning algorithms, and � nite element meshes to be partitioned
are converted to graph structures to obtain mesh partitions by using
graph-partitioning algorithms. Most graph-partitioning algorithms
recursively bisect the original graph to obtain the desired number
of partitioned subgraphs. This procedure can be directly applied
to front partitioning. To apply this procedure to front partitioning,
the � nite element mesh must be mapped to a graph structure, and
this graph structure will be partitioned by graph-partitioning al-
gorithms. Three ways to map the � nite element mesh to a graph
structure are considered. They are named common-face mapping
(CFM), common-node mapping (CNM), and weighted-edge map-
ping (WEM), as illustrated by Fig. 8. Each element of the � nite
element mesh is mapped to a vertex of the graph by all three map-
ping schemes. The difference among them is the way by which
the edges of the graph are constructed.The common-face mapping
scheme constructs an edge of weight 1 between two elements that
have a common line (for a two-dimensional mesh) or a common
face (for a three-dimensional mesh). The common-node mapping
scheme constructs an edge of weight 1 between any two elements
thathaveat least onecommon node.The thirdscheme,WEM, is pro-
posed in this paper to implement the connectivityof � nite elements
better for front partitioning. In this scheme the concept of weight
is introduced to the edges of a graph, and the weight of the edge
between two neighboring elements is set to the number of common
nodes. For example, the thick lines in Fig. 8 indicate the edges of
weight 2. The CFM and CNM schemes have been used for mesh
partitioning.9;14 To describe the communication pattern better for
parallel computation, Venkatakrishnanet al.14 proposed the use of
theCNM schemethatwas calledacommunicationgraphof thegiven
� nite element mesh. The effect of the mapping schemes on front
partitioningmay be varied accordingto the graph-partitioningalgo-
rithm and the � nite elements used and will be discussed in the next
section.

After a graph is obtained from a � nite element mesh, the graph is
partitioned using graph-partitioningalgorithms, and then the parti-
tioning informationof the graph is used to obtaina front partitionfor
the multifrontal solver. Front partitioning is different from graph or
mesh partitioning for parallel computation in that the optimal front
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partition can be found if the optimal bisection is obtained at every
recursive bisection step, whereas the optimal mesh partition may
not be found. That is, front partitioning is the same process as re-
cursivebisection,whereas mesh partitioningonly uses the recursive
bisection scheme to obtain the desired number of partitions.10 ;11

To implement front partitioners, graph-partitioning algorithms
based on the recursivebisectionscheme were used. In this research,
as a state-of-the-artgraphpartitioner,Metis7;8;11 was used.By using
the graph-partitioning routine provided by Metis, bisection of the
given graph is performed recursively. Metis implements the mul-
tilevel graph-partitioningscheme, which is quickly compared with
other algorithms and provides high-quality partitions. Metis pro-
vides the k-way partitioning scheme, which means that the given
graph is partitionedinto the desirednumber of subgraphsat once, in
contrast with recursive bisection, and the resulting partition may be
better for parallel computation.However, as already mentioned, the
k-way scheme cannot be used for front partitioning.Therefore, the
graph-partitioning routine provided by Metis was used only to di-
vide a graph into two pieces.As another graph-partitioningscheme,
the recursivespectralbisection(RSB)6;9 scheme that had been com-
monly used before the introduction of Metis also has been imple-
mented in the multifrontal solver to evaluate the performance with
respect to the front-partitioningschemes.

Effect of Front Partition
The multifrontal solver has been extended to be able to deal

with irregular � nite element meshes ef� ciently by the combina-
tion with graph partitionersand mesh-mapping schemes. The effect
of front-partitioning quality on the performance of the developed
multifrontal solver is examined in this section.

Let us begin with the earlier regular mesh example, which has
128 £ 128 four-noded plane stress elements. Though the optimal
frontpartitionof regularmeshes such as this examplecouldbe easily
obtained as already explained, front partitioning of the mesh was
carried out using the front-partitioningprocedures proposed in this
study to compare the performance with the optimal case. Because
the three mesh-mappingschemesdescribed in the precedingsection
make little difference in the performance of the multifrontal solver
for this case, only the results using the WEM scheme are presented.
With the graph mapped by the WEM scheme, graph partitioning
into 64 parts is performed using two different graph-partitioning
schemes. The resulting front partitions are shown in Fig. 9, with
the front partition obtained by simply dividing the mesh according
to the elementnumberingwithout consideringany particulargraph-
partitioningschemes,which is labeled“Bad partition.” The partition
labeled “RSB” has been obtained using the RSB algorithm, and
the partition labeled “Metis” has been obtained using the graph-
partitioning routine provided by Metis at each recursive bisection
step.

The performance results are shown in Fig. 10. All of the results
presented in this section are relative computing times, which means
the computingtime dividedby the solutiontime usinga single front.
That is,

tr D t=t0

where tr is relative computing time, t is computing time, and t0 is
solution time using a single front.

In Fig. 10 the time spent on the equation solution procedure is
called “Solve,” and the time spent on partitioning the graph is called
“Partition.” The RSB algorithm gives a partition of better quality
than Metis in this case (not always). Thus, the multifrontal solver
with the RSB graph partitioner spends less time on the equation
solution procedure than that with the Metis graph partitioner, as
shown in Fig. 10. However, because the RSB algorithm spends too
much time on partitioning the graph, the overall performance (total
computing time) of the multifrontal solver combined with that of
the RSB algorithmis worse even than the performanceof the single-
frontal method as well as that of the multifrontal solver combined
with Metis. The performance with the front partition labeled “Bad
partition” is extremely bad, as shown in Fig. 10, and multiple fronts
only make the performance worse in this case. Thus, the quality of
a front partition greatly affects the performance of the multifrontal

RSB

Metis

Bad partition

Fig. 9 Con� guration of partitioned mesh.

solver, and it is necessary to use appropriate graph partitioners to
achieve good performance for general � nite element problems.

Three-dimensionaltests havebeen performedusing16£ 16 £ 16
eight-nodedsolid elementsand 8 £ 8 £ 16 18-nodedsolid elements.
An 18-noded element has two nodes in the thickness direction, as
shown in Fig. 11. For each type of element, the in� uence of parti-
tioning schemes and mesh-mapping schemes on the performance
is observed. Tables 1 and 2 show the results obtained by using
16 £ 16 £ 16 eight-noded solid elements and 8 £ 8 £ 16 18-noded
solid elements, respectively. The values in Tables 1 and 2 are rel-
ative computing times just de� ned. The computing times for these
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Table 1 Relative computing times for 16 £ £ 16 £ £ 16 eight-noded
solid elements

RSB MetisMapping
scheme Partition Total Partition Total

CFM 0.008 0.358 0.004 0.356
CNM 0.013 0.357 0.005 0.456
WEM 0.012 0.357 0.005 0.351

Table 2 Relative computing times for 8 £ £ 8 £ £ 16 18-noded
solid elements

RSB MetisMapping
scheme Partition Total Partition Total

CFM 0.001 0.637 0.001 0.461
CNM 0.002 0.638 0.001 0.432
WEM 0.002 0.355 0.002 0.352

Fig. 10 Performance vs the partitioning schemes.

Fig. 11 Eighteen-noded solid element.

problems with a single front are 783.0 and 803.9 s, respectively.
Comparedwith two-dimensionalproblems, the time portionof front
partitioning is very small for a three-dimensionalcase, and the par-
titioning time has little effect on the overall performance of the
solver.

According to the results using 16 £ 16 £ 16 eight-nodedsolid el-
ements shown in Table 1, the RSB algorithm is not sensitive to the
mesh-mapping scheme for this case, whereas Metis is. When the
CNM scheme is used, the result obtained by Metis shows poor per-
formancecomparedwith thoseof the other cases.The CNM scheme
cannot fully re� ect the connectivity information of the given three-
dimensional� nite element mesh on the graph, and consequentlythe
quality of the front partition obtained by using the graph may not
be so good.

For 18-noded elements, which are generally used to model com-
posite laminates for three-dimensional, lamina-wise � nite element
analysis, the effect of mesh-mapping schemes on the overall per-
formance of the multifrontal solver becomes more signi� cant. As
shown in Table 2, the WEM scheme shows excellent performance
for both RSB and Metis, and theperformancewith theWEM scheme
is much better than that with the other mapping schemes. The
mesh-mapping scheme greatly affects the performance of the mul-
tifrontal solver in this case. This result is caused by the geometric
characteristics of the 18-noded element. An 18-noded solid ele-
ment has 9 nodes on the upper and lower face and 6 nodes on four
side faces, as shown in Fig. 11. The CFM scheme or the CNM

scheme cannot manipulate the directional inhomogeneity,whereas
the WEM schemecan deal with it by the weightof the corresponding
edges. Thus, the WEM scheme can be used as a reliable mapping
scheme for various types of elements.

Performance with Irregular Meshes
In the preceding section, the effect of front partitioning on the

performance of the multifrontal solver was examined for prob-
lems with regular meshes, and both RSB and Metis with the
WEM scheme produce good front partitions for three-dimensional
problems.

In this section,by using the multifrontalsolverof the disk version,
large-scale,three-dimensional� niteelementanalysesareperformed
for irregular meshes such as the � nite element mesh of the thick
composite plate with two holes (Fig. 12) and the composite shell
with cutouts (Fig. 13).

The totalDOFs of the mesh shown in Fig. 12 are 34,155,and there
are 9088 eight-noded, three-dimensionalcomposite elements in the
mesh. Memory usage for the best performanceof the solver is about
35 MB. For the single-frontal method element ordering greatly af-
fects the performance. Therefore, the performance results that are
obtained with and without element reordering are compared. The
spectral-element reordering algorithm,15 which is stable and pro-
duceshigh qualityof ordering,is used.As a mesh-mappingscheme,
the WEM scheme is used. The results are shown in Table 3, where
the best performance with 512 fronts is 1.8 times faster than that
of the single-frontalmethod with element reordering. For the mul-
tifrontal solver with a large enough number of fronts to achieve the
best performance, the front-partitioning procedure itself can take
the role of reordering for the single-frontal method, and element
reordering in each partitioned front is no longer required. However,
element reorderingis positivelynecessary to obtain good and stable

Fig. 12 Finite element mesh of thick composite plate with two holes
(thickness exaggerated 10 times).

Fig. 13 Finite element mesh of a three-dimensional composite shell
with cutouts.
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Table 3 Effect of element reordering (CPU time in seconds)

With element
reordering Without element

reordering
Number Partition C
of fronts reorder Total Partition Total

1 17.78 1158 N/Aa N/A
256 8.64 702.7 7.0 698.8
512 9.44 656.8 7.62 651.7
1024 10.12 657.7 8.32 656.2

aToo much disk space and computing time required.

Table 4 Performance of the multifrontal solver vs the single-front
solver for the three-dimensional composite shell structure

with four layers

Total
Solution Reorder or solution Memory Disk
method partition, s time, s usage, MB usage, MB

Single front 30.1 2822 12 482
RSB–WEM 64.0 913 33 217
RSB–CFM 46.6 1530 42 302
Metis–WEM 10.2 664 31 185
Metis–CFM 8.8 689 32 187

Table 5 Performance of the multifrontal solver vs the single frontal
solver for the three-dimensional composite shell structure

with eight layers

Total
Solution Reorder or solution Memory Disk
method partition, s time, s usage, MB usage, MB

Single front 91.9 16,180 30 1563
RSB–WEM 223.8 4,759 105 644
RSB–CFM 179.7 7,722 130 878
Metis–WEM 23.2 3,063 77 520
Metis–CFM 18.8 3,306 88 540

performance for the case of a single or a small number of fronts.
The result for the single-front case without element reordering is
not available in Table 3 because too much disk space is requiredand
it takes too much time.

The � nite elementmesh of thecompositeshellwith cutoutsshown
in Fig. 13 has 46,680 DOFs and 11,664 elements. The � nite el-
ement model consists of four layers of composite laminates. The
computationperformancewith 2048 fronts is comparedwith that of
the single-frontal method with element reordering and is shown in
Table 4. Four combinationsof graphpartitioningandmesh-mapping
schemes are considered. The multifrontal solver with the graph
mapped by the WEM scheme and the partition obtained by Metis
(labeled “Metis–WEM”) shows the best performance and is more
than 4.2 times faster than the single-frontalmethod with element re-
ordering. In this case the quality of the partition obtained by RSB is
worse than that obtained by Metis. Although eight-noded elements
are used, the graphs generatedby the WEM scheme always produce
better partitionsand better performance than those generated by the
CFM scheme for both RSB and Metis, which is not the case with
the earlier regular-mesh example. The partitioning time using the
WEM scheme is slightly longer than that using the CFM scheme
because the graph mapped by the WEM scheme has more edges
than the graph mapped by the CFM scheme. However, it is negli-
gible compared with the performance improvement by the WEM
scheme.

The computing results of the � nite element model with the same
geometry that has eight layers is shown in Table 5. This model has
84,024 DOFs and 23,328 elements. The performance with 4096
fronts is the best and is also compared with that of the single-front
method in Table 5. The results are similar to the results in Table 4,
and the developed multifrontal solver with the front partition found
by the WEM scheme and Metis is about 5.3 times faster than the
single-front method in this case.

From the precedingresultswith irregularmeshes, one can see that
the performanceof the multifrontalsolvercomparedwith that of the
single-frontmethod is improvedas the size of the problemincreases
and the effect of mesh-mapping schemes on the performance of
the solver is very signi� cant not only for 18-noded elements but
also for 8-nodedelements. The combinationof Metis and the WEM
schemealways gives the bestperformanceof the multifrontalsolver.
Furthermore, the size of the required memory for this combination
is the smallest, as shown in Table 5.

Conclusions
In this paper, a new multifrontal solver has been developed by

combining the multifrontal scheme with graph partitioners and
mesh-mappingschemes. The developedmultifrontal solver inherits
the merits of the conventional frontal method, such as reduction of
core memory requirement, robustness, ef� ciency, and � tness to the
� nite element procedure, and has been shown to have performance
superior to that of the frontal method.

By the new solver,� nite elementmeshes are convertedor mapped
to graph structures, and by using graph partitioners based on the
recursive bisection scheme, a front partition for the multifrontal
scheme is found. According to the results of the performance test,
the front-partition quality greatly affects the performance, and su-
perior performance of the multifrontal solver can be guaranteed by
using an appropriate mesh-mapping scheme and an ef� cient graph
partitioner. Mesh-mapping schemes are very signi� cant factors for
goodperformance.The graphsmappedby the WEM schemealways
give the best performance.The graph-partitioningroutine provided
by Metis is consideredto be the best graph partitionerfor the multi-
frontal method. If any other more ef� cient graph-partitioningalgo-
rithms are available, they can be easily applied to the multifrontal
solver to improve the performance.Because graph partitioningis an
important issue for parallel computing, many researchers are inter-
ested in developinggraphpartitioners,and many ef� cient graphpar-
titioners are being developed. Thus, by using state-of-the-artgraph
partitioners, the performance of the multifrontal solver could be
improved further.

Large-scale structural analysis problems were solved using the
developed solver, and the excellent performance of the solver was
shown. By using an appropriate number of fronts and an effec-
tive front partitioner,unsolvablylarge-sized� nite elementproblems
could be solved within tolerablecomputing time on a machine with
affordable core memory.
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